Abstract. We propose some conjectures on the integrality properties related to the variation of Mahler measures, inspired by the results in the elliptic curve case by Rodriguez Villegas, Stienstra and Zagier.
In the study of mirror symmetry, there are some amazing integrality results, including the integrality of mirror maps (Lian-Yau integrality) [10, 11, 17, 7, 8, 9, 2, 18] and the integrality of instanton numbers (including Gopakumar-Vafa integrality for closed strings and Ooguri-Vafa integrality for open strings in arbitrary genera), see e.g. [6, 4, 12, 13, 5] . In this note we will propose some conjectures on the integrality properties related to the variation of Mahler measures, inspired by the results in the elliptic curve case in [14, 15, 16] . More precisely, we will identify a quantity Q(z) associated with the variation of Mahler measures with the local mirror map, and make some conjectures about the integrality properties of its expression in term of the mirror parameter q(z) and vice versa. Some examples are presented.
variations of Mahler Measures, Periods, Picard-Fuchs Equations
and Mirror Maps 1.1. One-parameter deformations of Fermat type hypersurfaces in weighted projective spaces. The geometric objects we will study are deformations of Fermat type Calabi-Yau hypersurfaces of the form:
(1) x k1 1 + · · · + x kn n − kψx 1 · · · x n = 0 in a weighted projective space P n−1 w1,...,wn . Here k 1 ≤ · · · ≤ k n are positive integers such that (2) 1
k is the least common multiplier of k 1 , . . . , k n , and w 1 = k/k 1 , . . . , w n = k/k n . For each n, there are only finitely many solutions to (2) . They can be found by the following search algorithm: First k 1 is bounded between 2 and n, we search in a reversed order for k 1 in this range; for fixed k 1 , k 2 has the following bound:
, we search for k 2 in reversed order in this range; for fixed k 1 , k 2 , k 3 has the following bound:
, we search for k 3 in reversed order in this range, and so on. This algorithm can be easily implemented by a computer algebra system 1 . The following are the results for n = 2, 3, 4, 5. For n = 2, there is only one solution: (2, 2); For n = 3, there are 3 solutions: (3, 3, 3) , (2, 4, 4) , (2, 3, 6) . For n = 4, there are 13 solutions: (4, 4, 4, 4) , (3, 4, 4, 6) , (3, 3, 4, 12) , (2, 6, 6, 6) , (2, 5, 5, 10) , (2, 4, 8, 8) , (2, 4, 6, 12) , (2, 4, 5, 20) , (2, 3, 12, 12) , (2, 3, 10, 15) , (2, 3, 9, 18) , (2, 3, 8, 24) , (2, 3, 7, 42 ). For n = 5, there are 147 solutions: (5, 5, 5, 5, 5) , (4, 4, 6, 6, 6) , (4, 4, 5, 5, 10) , (4, 4, 4, 8, 8) , (4, 4, 4, 6, 12) , (4, 4, 4, 5, 20) , (3, 6, 6, 6, 6) , (3, 5, 5, 6, 10) , (3, 5, 5, 5, 15) , (3, 4, 6, 8, 8) , (3, 4, 6, 6, 12) , (3, 4, 5, 6, 20) , (3, 4, 5, 5, 60) , (3, 4, 4, 12, 12) , (3, 4, 4, 10, 15) , (3, 4, 4, 9, 18) , (3, 4, 4, 8, 24) , (3, 4, 4, 7, 42) , (3, 3, 9, 9, 9) , (3, 3, 8, 8, 12) , (3, 3, 7, 7, 21) , (3, 3, 6, 12, 12) , (3, 3, 6, 10, 15) , (3, 3, 6, 9, 18) , (3, 3, 6, 8, 24) , (3, 3, 6, 7, 42) , (3, 3, 5, 15, 15) , (3, 3, 5, 12, 20) , (3, 3, 5, 10, 30) , (3, 3, 5, 9, 45) , (3, 3, 5, 8, 120) , (3, 3, 4, 24, 24) , (3, 3, 4, 21, 28) , (3, 3, 4, 20, 30) , (3, 3, 4, 18, 36) , (3, 3, 4, 16, 48) , (3, 3, 4, 15, 60) , (3, 3, 4, 14, 84) , (3, 3, 4, 13, 156) , (2, 8, 8, 8, 8) , (2, 7, 7, 7, 14) , (2, 6, 9, 9, 9) , (2, 6, 8, 8, 12) , (2, 6, 7, 7, 21) , (2, 6, 6, 12, 12) , (2, 6, 6, 10, 15) , (2, 6, 6, 9, 18) , (2, 6, 6, 8, 24) , (2, 6, 6, 7, 42) , (2, 5, 10, 10, 10) , (2, 5, 8, 8, 20) , (2, 5, 7, 7, 70) , (2, 5, 6, 15, 15) , (2, 5, 6, 12, 20) , (2, 5, 6, 10, 30) , (2, 5, 6, 9, 45) , (2, 5, 6, 8, 120) , (2, 5, 5, 20, 20 (2, 4, 5, 22, 220) , (2, 4, 5, 21, 420) , (2, 3, 18, 18, 18) , (2, 3, 16, 16, 24) , (2, 3, 15, 20, 20) , (2, 3, 15, 15, 30) , (2, 3, 14, 21, 21) , (2, 3, 14, 15, 35) , (2, 3, 14, 14, 42) , (2, 3, 13, 13, 78) , (2, 3, 12, 24, 24) , (2, 3, 12, 21, 28) , (2, 3, 12, 20, 30) , (2, 3, 12, 18, 36) , (2, 3, 12, 16, 48) , (2, 3, 12, 15, 60) , (2, 3, 12, 14, 84) , (2, 3, 12, 13, 156) , (2, 3, 11, 22, 33) , (2, 3, 11, 15, 110) , (2, 3, 11, 14, 231) , (2, 3, 10, 30, 30) , (2, 3, 10, 24, 40) , (2, 3, 10, 20, 60) , (2, 3, 10, 18, 90) , (2, 3, 10, 16, 240) , (2, 3, 9, 36, 36 (2, 3, 7, 63, 126) , (2, 3, 7, 60, 140) , (2, 3, 7, 56, 168) , (2, 3, 7, 54, 189) , (2, 3, 7, 51, 238) , (2, 3, 7, 49, 294) , (2, 3, 7, 48, 336) , (2, 3, 7, 46, 483) , (2, 3, 7, 45, 630) , (2, 3, 7, 44, 924) , (2, 3, 7, 43, 1806) . When n = 6, there are 3462 solutions, e.g. (2, 7, 43, 1807, 3263442 There are two ways to count the number of solutions to (2) for each n. The first is a simple count, i.e., each solution is counted as 1. The second is a weighted count, i.e., each solution is counted as 1 over the order of its automorphism group. By an automorphism of a solution (k 1 , . . . , k n ), we mean a permutation σ ∈ S n such that k σ(i) = k i for all i = 1, . . . , n. It is interesting to study these counting problems.
Variations of Mahler measures.
Given a solution (k 1 , . . . , k n ) to (2), let k be the least common multiplier of k 1 , . . . , k n . Consider a weighted homogeneous polynomial of the form kψ n i=1 x i − P (x 1 , . . . , x n ), where
with ψ a complex parameter. This is a weighted homogeneous polynomial of degree
it defines a Calabi-Yau hypersurface X ψ in the weighted projective space P n−1 w , where w = (w 1 , . . . , w n ). For e = (ǫ 1 , . . . , ǫ n−1 ) ∈ R n−1 + , consider the following (n − 1)-cycle C e in P n−1 w defined by:
Consider the following integral over this cycle:
Recall the logarithmic Mahler measure m(F ) and the Mahler measure M (F ) of a Laurent polynomial F (x 1 , . . . , x n−1 ) with complex coefficients are:
One then finds
where
. In the case of elliptic curves [14] , the Mahler measure is related to the special values of the L-function associated to X ψ by Beilinson Conjectures. Similar relationship is expected in higher dimensions.
By taking expansion in ξ = ψ −1 , one gets from (4):
In particular, Q is independent of the choices of ǫ 1 , . . . , ǫ n−1 . By multinomial formula, one easily gets:
1.3. Periods and Picard-Fuchs equations. Let θ = z d dz . Differentiating (4) and (10) one finds
Thus θ log Q is a period of a family ω ψ of holomorphic forms on X ψ . Write
Then we have
where in the second equality we remove the common factors of the numerator and the denominator. The equality
will be of use below.
The recursion relation
is equivalent to the following Picard-Fuchs equation:
It is equivalent to the Picard-Fuchs equation:
In some cases one has
where {a 1 , . . . , a n−1 } is obtained from the set { 
This happens if and only if (w i , w j ) = 1 for i = j. For n = 2, the only case (k 1 , k 2 ) = (2, 2) has this property. The Picard-Fuchs equation is
For n = 3, all cases of solutions to (2) has this property. The Picard-Fuchs operators are:
For n = 4, we have the following cases:
For n = 5 we have the following cases: 
where g 0 (z) = θ log Q = m≥0
This is equivalent to the following initial value
and recursion relation:
Dividing both sides by l j=1 (m − b j ) and making use of (15) and (16), one gets
The solution is given by
One can also derive this solution from (21).
The mirror map is defined by
1.5.
A related Picard-Fuchs system and its mirror map. In this section we will relate Q to the mirror map of the following Picard-Fuchs equation related to (21):
Clear Φ = 1 is a solution, and we have the following logarithmic solution:
The corresponding mirror map is defined by
Note this is exactly the map Q defined in (10) . For example, when (w 1 , w 2 , w 3 ) = (1, 1, 1), this is the Picard-Fuch system associated with the local P 2 geometry [1], i.e. the canonical line bundle κ P 2 . In general, the Picard-Fuchs system (42) is associated with the local Calabi-Yau geometry of κ P n−1 w 1 ,...,wn
. Hence we will refer to the mirror map Q as the local mirror map.
Integrality Properties of Variation of Mahler Measures
It is expected that z, g 0 (z), d dq log Q are modular forms for the monodromy group of the Picard-Fuchs equation, and often they can be expressed in terms of usual modular forms. See [14, 15, 16] for examples in the elliptic curve case. Our conjectures below are inspired by the results in these papers. We focus on the integrality properties in this paper and leave the modular properties to future investigations.
We have q = ze h(z)/g0(z) and Q = ze fn(z) , where
Proof. By a result in [18] , we have (z
. By the main result in [2] , to see q ∈ z + zZ [[z] ] one has to show that 
with equality if and only if w i x ∈ Z for all i = 1, . . . , n. Therefore, one has
for all x. This function is right continuous and jumps at j/k, j = 1, . . . , k − 1. So it suffices to check
for some integer a i for all i = 1, . . . , n. This means
i.e., j is a common multiplier of k 1 , . . . , k n , hence j ≥ k. A contradiction.
Conjecture 1.
We have (z
Using the Lagrange-Good inversion formula [3] as in [18] one finds z = Then the coefficients {c m } m≥1 and {C m } m≥1 are integers. Note
Therefore,
.
It follows that q
Equivalently,
Conjecture 2. The numbers b m andb m are integers so that
Similarly from
we get:
It follows that
Conjecture 3. The numbers c m andĉ m are integers so that
We have written a Maple algorithm to automate the calculations of the numbers b m ,b m c m ,ĉ m and verify their integrality in various cases. Some results are presented in the following sections.
3. Examples 3.1. The n = 2 case. There is only one possibility:
Geometrically, X ψ is just two points in P 1 . The Picard-Fuchs operator is given by
From the last equality one easily finds
and so
Our Maple algorithm indicates that (75) Q = q.
I.e.,
This does not seem to be easy to establish. Another equivalent formulation is
This does not seem to be easy to establish either.
3.2.
The n = 3 case. There are 3 possibilities, corresponding to elliptic curves in weighted projective planes. They have been studied in [14, 15, 16] We have also verify the case of (88) x n 1 + · · · + x n n = nψx 1 · · · x n . 3.6. Discussions. In this paper we have considered the variation of Mahler measures of some polynomials and define a function Q. We have identified Q with the local mirror map of a related Picard-Fuchs system, which corresponds to some local Calabi-Yau geometry. Some conjectures are made about some integrality properties of the expression of Q in terms of q and the expression of q in terms of Q. Their enumerative meaning is not clear at present.
In [15] Beauville's semistable families of elliptic curves over P 1 with four singular fibers were considered. It is interesting to extend the discussion in this paper to semistable families of Calabi-Yau n-folds over P 1 for n > 1. In this paper we have only considered hypergeometric series in one variable. Another direction for extension is to consider multivariate hypergeometric series. We hope to address these problems in subsequent research.
